
J. T. S. ISSN : 0974-5428

Vol. 13 (2019), pp.31-43

On Lanczos Potential for Spherically Symmetric Spacetimes

Ravi Panchal+, A. C. Patel∗ and A. H. Hasmani∗∗

+ Government Polytechnic, Valsad-396001, India.
∗Department of Applied Sciences and Humanities, Hasmukh Goswami College

of Engineering, Vahelal-382330, India
∗∗Department of Mathematics, Sardar Patel University, Vallabh

Vidyanagar-388120, India

e-mail: +ravipanchal1712@gmail.com, ∗acck007@gmail.com,
∗∗ah hasmani@spuvvn.edu

(Received: December 22, 2019, Accepted: April 23, 2020)

Abstract

By taking particular choice of unit timelike velocity vector, Lanczos poten-

tial for non-vacuum and non-static general spherically symmetric spacetime has

been obtained. The results thus obtained are applied to some particular spheri-

cal symmetric spacetimes and a linear relationship between Lanczos scalars and

spin coefficients has been obtained for these spacetimes.
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1. Introduction

Lanczos potential tensor Lijk is a rank three tensor and we can produce

rank four gravitational field tensor Chijk by taking combinations of first order

covariant derivative of Lijk. This phenomena is analogous to the fact in elec-

tromagnetism that rank two electromagnetic field tensor Fij can be obtained

using rank one potential tensor Ai. So, study of Lanczos potential becomes

important in relativity theory. Relationship between Weyl tensor and Lanczos

potential tensor is known as Weyl-Lanczos relations. In order to obtain Lanc-

zos potential for a given geometry, we require to solve Weyl-Lanczos relations
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[21, 1]. Weyl-Lanczos relations are combinations of Lanczos potential tensor,

its first order covariant derivatives and Weyl curvature tensor; which makes it

difficult to solve them for an arbitrary metric.

For arbitrary perfect fluid spacetimes satisfying certain conditions, Novello

and Velloso [21] have developed an algorithm to obtained Lanczos potential.

In adopting this method for finding Lanczos potential, one of the challenges is

to identify field of observer appropriate to given spacetime which satisfy those

conditions. Dolan and Muratori [9] have unified the treatment of the Lanczos

potential and the Ernst potential for vacuum stationary axially symmetric and

cylindrically symmetric spacetimes by taking particular choice of tetrad and

coordinate system. Edgar and Höglund [10] have proved that Lanczos poten-

tial for the Weyl candidate tensor does not generally exist for higher than four

dimensions. Zund [28] have translated Weyl Lanczos relations into spinor ver-

sion. By comparing Newman-Penrose (NP) form of Weyl-Lanczos relations and

Newman-Penrose field equations, Parga, Chavoya and Bonilla [6] have obtained

Lanczos potential for arbitrary Petrov type N , III or O spacetimes. Also, they

have conjectured that, by choosing appropriate tetrad, it is possible to establish

relationship between Lanczos scalars and spin coefficients. Ahsan [1] has pre-

sented a detailed study of the Lanczos potential in his monograph. Also many

solutions of Weyl-Lanczos relations are obtained [2, 3, 4, 7, 8, 15, 17, 18, 25, 27].

Since, there is no standard method for finding Lanczos potential, a large class

of solutions is still uncovered, particularly for non-vacuum spacetimes. We hope

that it will be fruitful to find Lanczos potentials for unknown situations, which

may lead us to Lanczos potential for arbitrary spacetimes. Due to this reason,

Hasmani, Panchal and Patel [12, 13, 14] have obtained Lanczos potential for

different non-vacuum spacetimes using different techniques. For more details

related to Lanczos potential theory, refer Mora and Sánchez [19], Ahsan [1],

O’Donnell [22], O’Donnell and Pye [24].

In this paper, using general observer method, we have obtained Lanczos

potential for spherically symmetric spacetime of general nature which is Petrov

type D, non-vacuum and non-static. Then, the obtained results are applied

to Schwarzschild, Schwarzschild-de Sitter and Kantowski-Sachs spacetimes. For

brevity, we have followed the terminology as used in [12, 13, 14].
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2. Lanczos Potential using General Observer Quantities

We consider a unit timelike velocity vector ui. Its covariant derivative can

be decomposed as [11, 21]

ui;j = aiuj +
θ

3
hij + σij + ωij , (2.1)

in which ai, θ, hij , σij and ωij are known as acceleration, expansion, projection,

shear and vorticity, respectively (the NP version of these kinematical quantities

and the equations satisfied by them has been given in [1]).

These quantities satisfy following constraint equations

2

3
θ;i h

i
j − (σpq + ωpq);p h

q
j − a

p (σjp + ωjp) = Rip u
i hpj , (2.2)

ωi;i + 2ωi ai = 0, (2.3)

1

2
hε(ih

p
j) η

qγν
ε uν(ωpq + σpq);γ − a(iωj) = −Hij (2.4)

along with following three dynamical equations

θ̇ +
θ2

3
+ σ2 − ω2 − ai ;i = Rij u

i uj , (2.5)

h p
i h q

j σ̇pq +
1

3
hij

[
1

2
ω2 − σ2 + ap;p

]
+ ai aj −

1

2
h p
i h q

j a(p;q)

+
2

3
θ σij + σip σ

p
j − ωi ωj = Ripjq u

puq − 1

3
Rpq u

puq hij , (2.6)

h p
i h q

j ω̇pq −
1

2
h p
i h q

j a[p;q] +
2

3
θ ωij + σip ω

p
j − σjp ω

p
i = 0, (2.7)

where an overhead dot represents derivative projected in the ui direction, Hij

is magnetic part of the Weyl tensor, σ2 = σijσ
ij and ω2 = ωijω

ij .

The Weyl tensor Chijk can be generated from Lanczos potential tensor Lijk
using following set of equations, known as Weyl-Lanczos equations [1]

Chijk = Lhij;k − Lhik;j + Ljkh;i − Ljki;h + L(hk)gij + L(ij)ghk − L(hj)gik

−L(ik)ghj +
2

3
Lpqp;q(ghjgik − ghkgij), (2.8)

in this expression

Lij = Li
k
j;k − Li k k;j . (2.9)
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Lanczos potential tensor Lijk has following properties

Lijk = −Ljik,

L t
i t = 0, (or, gklLkil = 0)

Lijk + Ljki + Lkij = 0,

L k
ij ;k = 0. (2.10)

By projecting null tetrad on Lanczos potential tensor, we get following scalars

which are known as Lanczos Potential scalars [1].

L0 = Lijkl
imjlk, L4 = Lijkl

imjmk,

L1 = Lijkl
imjm̄k, L5 = Lijkl

imjnk,

L2 = Lijkm̄
injlk, L6 = Lijkm̄

injmk,

L3 = Lijkm̄
injm̄k, L7 = Lijkm̄

injnk. (2.11)

Using equations (2.1)-(2.7) for Weyl-Lanczos relations (2.8), Novello and

Velloso [21] have proved the following theorem.

Theorem 2.1. [21] If in a given spacetime there is a field of observers uj that

is shear-free and irrotational, then the Lanczos potential is given by

Lijk = aiujuk − ajuiuk (2.12)

up to a gauge.

It may be noted that Newman-Penrose formalism [20, 1] and related for-

malisms [22, 28] have also played a considerable amount of role in the develop-

ment of Lanczos potential theory.

3. Lanczos Potential for Spherically Symmetric Spacetimes

The line element for general spherically symmetric spacetime is

ds2 = −e2λdr2 −R2dθ2 −R2 sin θ2dφ2 + e2νdt2, (3.1)

where λ, ν and R are real functions of r and t. This spacetime is non-static and

non-vacuum.
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Chosen null tetrad corresponding to the spacetimes is

lj =
1√
2
e−λδj1 +

1√
2
e−νδj4, nj =− 1√

2
e−λδj1 +

1√
2
e−νδj4,

mj =
1√
2R

δj2 + i
csc θ√

2R
δj3, m̄j =

1√
2R

δj2 − i
csc θ√

2R
δj3. (3.2)

We choose unit timelike vector as uj = (mj−m̄j)√
2

and due to this, non-

vanishing components of acceleration vector are

a1 = −R
′

R
, a2 = − cot θ, a4 = −Ṙ

R
. (3.3)

Through out in this section, prime (′) denotes partial derivative with respect

to r and overhead dot denotes partial derivative with respect to t.

The non-vanishing spin coefficients are given by

ρ =− e−νṘ+ e−λR′√
2R

, µ =
e−νṘ− e−λR′√

2R
,

ε =
e−ν λ̇+ e−λν ′

2
√

2
, γ =

−e−ν λ̇+ e−λν ′

2
√

2
,

β =− α =
cot θ

2
√

2R
. (3.4)

and the only non-vanishing NP Weyl scalars is

Ψ2 =− 1

6R2
e−2(λ+ν)[e2λ{Ṙ2 +RṘ(−λ̇+ ν̇) +R(−R̈+R(λ̇2 − λ̇ν̇ + λ̈))}

+ e2ν{e2λ −R′2 +RR′(−λ′ + ν ′) +R(R′′ +R((λ′ − ν ′)ν ′ − ν ′′))}]. (3.5)

which shows that, the metric (3.1) is of Petrov type D.

The following are non-vanishing complex tetrad components of Ricci tensor,

Φ00 =
1

2R
e−2(λ+ν)[e2λ{−Ṙ(λ̇+ ν̇) + R̈} − 2eλ+ν(λ̇R′ + Ṙν ′ − Ṙ′)

+ e2ν{−R′(λ′ + ν ′) +R′′],

Φ11 =
1

4R2
e−2(λ+ν)[e2λ{−Ṙ2 +R2(λ̇2 − λ̇ν̇ + λ̈)}+ e2ν{e2λ −R′2

+R2(−λ′ν ′ + ν ′2 + ν ′′)}], (3.6)

Φ22 =
1

2R
e−2(λ+ν)[e2λ{−Ṙ(λ̇+ ν̇) + R̈}+ 2eλ+ν(λ̇R′ + Ṙν ′ − Ṙ′)

+ e2ν{−R′(λ′ + ν ′) +R′′],
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Λ =
1

12R2
e−2(λ+ν)[−e2λ{Ṙ2 + 2RṘ(λ̇− ν̇) +R(2R̈+R(λ̇2 − λ̇ν̇ + λ̈))}

+ e2ν{−e2λ +R′2 + 2RR′(−λ′ + ν ′) + 2RR′′ +R2(−λ′ν ′ + ν ′2 + ν ′′)}].

For the chosen unit timelike vector, the field of observer for metric (3.1)

is shear free and irrotational. We use theorem (2.1) and to exhibit Lijk in the

Lanczos gauge, we consider

Lijk = (aiujuk − ajuiuk)−
1

3
(aigjk − ajgik). (3.7)

Thus, we get non-zero independent components of the Lanczos potential tensor

as follows

L121 =
1

3
e2λ cot θ, L122 =− 1

3
RR′,

L133 =
2

3
RR′ sin2 θ, L141 =

e2λṘ

3R
,

L144 =
e2νR′

3R
, L233 =

1

3
R2 sin 2θ, (3.8)

L242 =
1

3
RṘ, L244 =

1

3
e2ν cot θ,

L343 =− 2

3
RṘ sin2 θ.

The Lanczos potential for the spacetime depends on r, θ and t coordinates, only.

Now, using (2.11), we convert Lanczos potential tensor in Lanczos potential

scalars and following are non-zero Lanczos potential scalars

L1 =
e−νṘ+ e−λR′

6
√

2R
, L6 =− e−νṘ− e−λR′

6
√

2R
,

L2 =
cot θ

3
√

2R
, L5 =− cot θ

3
√

2R
, (3.9)

L3 =
e−νṘ− e−λR′

2
√

2R
, L4 =− e−νṘ+ e−λR′

2
√

2R
.

The linear relationship between Lanczos scalars and spin coefficients is as follows

L1 =− 1

3
L4 = −ρ

6
,

L6 =− 1

3
L3 = −µ

6
, (3.10)

L2 =− L5 =
2

3
β.
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Lanczos potential scalars obtained here are proportional to only three spin co-

efficients namely, ρ, µ and β. The following are some examples which supports

these results.

3.1. Schwarzschild Spacetime. The Schwarzschild spacetime is given by

ds2 = −
(

1− 2m

r

)−1

dr2 − r2dθ2 − r2 sin θ2dφ2 +

(
1− 2m

r

)
dt2. (3.11)

For Schwarzschild metric, we chose null tetrad as

lj =
1√
2

(
1− 2m

r

)− 1
2

δj1 +
1√
2

(
1− 2m

r

) 1
2

δj4,

nj =− 1√
2

(
1− 2m

r

)− 1
2

δj1 +
1√
2

(
1− 2m

r

) 1
2

δj4,

mj =
1√
2R

δj2 + i
csc θ√

2R
δj3,

m̄j =
1√
2R

δj2 − i
csc θ√

2R
δj3. (3.12)

For a choice of velocity vector

uj =
(mj − m̄j)√

2
=

{
0, 0,

i csc θ

r
, 0

}
, (3.13)

the field of observer becomes expansion-free, shear-free and rotation-free; the

acceleration vector is

aj =

{
−1

r
,− cot θ, 0, 0

}
. (3.14)

The following are non-vanishing spin coefficients

ρ = µ =− 1√
2r

(
1− 2m

r

) 1
2

, ε = γ =
m

2
√

2r2

(
1− 2m

r

)− 1
2

, β =− α =
cot θ

2
√

2R
.

(3.15)

The only non-vanishing NP Weyl scalars is

Ψ2 =− m

r3
. (3.16)

Thus, the metric (3.11) is of Petrov type D. All components of complex tetrad

components of Ricci tensor vanish. Using theorem (2.1) and equations (2.11),
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non-vanishing Lanczos potential scalars for Schwarzschild metric are given by

L1 = −1

3
L3 = −1

3
L4 = L6 =− ρ

6
,

L2 = −L5 =
2

3
β (3.17)

or

L1 = −1

3
L3 = −1

3
L4 = L6 =

1

6
√

2r

(
1− 2m

r

) 1
2

,

L2 = −L5 =
cot θ

3
√

2r
. (3.18)

That is, the Lanczos potential scalars for Schwarzschild metric depend on θ and

radial coordinate r.

3.2. Schwarzschild-de Sitter Spacetime. The Schwarzschild-de Sitter space-

time is given by

ds2 = −
(

1− 2m

r
− Λ

r2

3

)−1

dr2 − r2dθ2 − r2 sin θ2dφ2 +

(
1− 2m

r
− Λ

r2

3

)
dt2,

(3.19)

For Schwarzschild-de Sitter spacetime, we chose null tetrad as

lj =
1√
2

(
1− 2m

r
− Λ

r2

3

)− 1
2

δj1 +
1√
2

(
1− 2m

r
− Λ

r2

3

) 1
2

δj4,

nj =− 1√
2

(
1− 2m

r
− Λ

r2

3

)− 1
2

δj1 +
1√
2

(
1− 2m

r
− Λ

r2

3

) 1
2

δj4,

mj =
1√
2R

δj2 + i
csc θ√

2R
δj3,

m̄j =
1√
2R

δj2 − i
csc θ√

2R
δj3. (3.20)

For a choice of velocity vector

uj =
(mj − m̄j)√

2
=

{
0, 0,

i csc θ

r
, 0

}
, (3.21)

the field of observer becomes expansion-free, shear-free and rotation-free; non-

vanishing components of acceleration vector are

a1 = −1

r
, a2 = − cot θ. (3.22)
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The following are non-vanishing spin coefficients

ρ = µ =− 1√
2r

(
1− 2m

r
− Λ

r2

3

) 1
2

, ε = γ =
3m− Λr2

6
√

2r2

(
1− 2m

r
− Λ

r2

3

)− 1
2

,

β = −α =
cot θ

2
√

2R
. (3.23)

The only non-vanishing NP Weyl scalars is

Ψ2 =− m

r3
. (3.24)

Thus, for the metric (3.19) the Weyl tensor is of Petrov type D. Also, it is non-

vacuum. Using (3.9) non-zero Lanczos potential scalars for Schwarzschild-de

Sitter metric are as follows

L1 = −1

3
L3 = −1

3
L4 = L6 =− ρ

6
,

L2 = −L5 =
2

3
β. (3.25)

That is,

L1 = −1

3
L3 = −1

3
L4 = L6 =

1

6
√

2r

(
1− 2m

r
− Λ

r2

3

) 1
2

,

L2 = −L5 =
cot θ

3
√

2r
. (3.26)

This means, the Lanczos potential scalars for this metric depend on only two

spin coefficients ρ and β.

3.3. Kantowski-Sachs Spacetimes. The Kantowski-Sachs metric is given by

ds2 = −X2dχ2 − Y 2(dθ2 + sin θ2)dφ2 + dt2, (3.27)

where X and Y are function of t. For Kantowski-Sachs metric, we chose null

tetrad as

lj =
1√
2X

δj1 +
1√
2
δj4, nj =− 1√

2X
δj1 +

1√
2
δj4,

mj =
1√
2Y

δj2 + i
csc θ√

2Y
δj3, m̄j =

1√
2Y

δj2 − i
csc θ√

2Y
δj3. (3.28)

For a choice of velocity vector

uj =
(mk − m̄k)√

2
=

{
0, 0,

i csc θ

Y
, 0

}
, (3.29)
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the field of observer becomes expansion-free, shear-free and rotation-free; non-

vanishing components of acceleration vector are

a2 = − cot θ, a4 = − Ẏ
Y
. (3.30)

The following are non-vanishing spin coefficients

ρ = −µ =− 1√
2

Ẏ

Y
, ε = −γ =

1

2
√

2

Ẏ

Y
, β = −α =

1

2
√

2

cot θ

Y
. (3.31)

The only non-vanishing component of Weyl scalar is

Ψ2 =
1

6

(
Ẋ

X

Ẏ

Y
− Ẍ

X
+
Ÿ

Y
− 1

Y 2
− Ẏ 2

Y

)
. (3.32)

The non-zero components of complex tetrad components of Ricci tensor are

Φ00 = Φ22 =
1

2

(
Ẋ

X

Ẏ

Y
− Ÿ

Y

)
,

Φ11 =
1

4

(
1

Y 2
+
Ẏ 2

Y 2
− Ẍ

X

)
,

Λ =
1

12

(
2
Ẋ

X

Ẏ

Y
+
Ẍ

X
+ 2

Ÿ

Y
+

1

Y 2
+
Ẏ 2

Y

)
. (3.33)

Using (3.9) Lanczos potential for Kantowski-Sachs metric is given by

L1 = −1

3
L3 = −1

3
L4 = L6 =− ρ

6
,

L2 = −L5 =
2

3
β. (3.34)

That is,

L1 = −1

3
L3 = −1

3
L4 = L6 =

1

6
√

2

Ẏ

Y
,

L2 = −L5 =
1

2
√

2

cot θ

Y
. (3.35)

For this spacetime, the Lanczos potential scalars depend only on ρ and β. Also,

the potential depend on θ and t.
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4. Conclusion

Lanczos potential for non-vacuum Petrov type D spherically symmetric

spacetimes have been obtained. In all examples considered here, Lanczos po-

tential depends on at most three of spin coefficients namely, ρ, µ and β. Non-

linearity involved in the Weyl-Lanczos relations, makes it is difficult to solve

them and due to this reason there is no standard method for finding Lanczos

potential for arbitrary metric. As a consequence, large class of solutions are

still uncovered, especially of non-vacuum nature. It is hoped that, by exploring

Lanczos potential for various spacetimes, we may reach to Lanczos potential for

general situation. The results obtained here supports the conjuncture that there

is linear relationship between Lanczos scalars and spin coefficients.
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